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A new upwind algorithm based on Roe's scheme has been developed to solve the two-dimensional parabolized
Navier-Stokes equations. This method does not require the addition of user-specified smoothing terms for the
capture of discontinuities such as shock waves. Thus, the method is easy to use and can be applied without
modification to a wide variety of supersonic flowfields. The advantages and disadvantages of this adaptation are
discussed in relation to those of the conventional Beam-Warming scheme in terms of accuracy, stability,
computer time and storage requirements, and programming effort. The new algorithm has been validated by
applying it to three laminar test cases, including flat-plate boundary-layer flow, hypersonic flow past a 15-deg
compression corner, and hypersonic flow into a converging inlet. The computed results compare well with
experiment and show a dramatic improvement in the resolution of flowfield details when compared with results
obtained using the conventional Beam-Warming algorithm.

Introduction

T HE parabolized Navier-Stokes (PNS) equations have
been used extensively to compute complex steady, super-

sonic, viscous flowfields. The solution to these equations is
marched in space rather than time and therefore is obtained
much more efficiently than would be a solution of the com-
plete Navier-Stokes equations. Unlike the boundary-layer
equations, however, the PNS equations contain all of the
terms of the Euler equations and, as a consequence, the inter-
actions between the viscous and inviscid portions of the flow-
field are automatically taken into account.

The PNS equations have been integrated using a variety of
finite-difference schemes. Currently, refinements of the nonit-
erative, implicit, approximate-factorization schemes devel-
oped by Vigneron et al.1 and Schiff and Steger2 represent the
state-of-the-art methods for solving the PNS equations. These
schemes are based on a class of alternating direction implicit
schemes developed by Lindemuth and Killeen,3 McDonald and
Briley,4 and Beam and Warming5 to solve time-dependent
equations such as the Navier-Stokes equations. One of the
major drawbacks of the Beam-Warming type of algorithm is
that the central differencing of fluxes across flowfield discon-
tinuities tends to introduce errors into the solution in the form
of local flow property oscillations. In order to control these
oscillations, some type of artificial dissipation is required. The
correct magnitude of this added "smoothing" is generally left
for the user to specify through some sort of trial-and-error
process.
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In recent years, upwind schemes have been the subject of
extensive numerical investigation. The main reason for this
attention is that these schemes have the ability to capture the
flowfield discontinuities accurately without requiring user-
specified smoothing parameters. Until now, the application of
upwind schemes has been confined to problems in which the
solution is either marched in the time direction6'9 or relaxed
through a pseudotime variable.10"13 In either case, the function
of the upwinding is to model the temporal dispersion of flow-
field discontinuities locally. In the present study, where the
PNS equations are solved, the spatial propagation of flowfield
information is modeled locally using a steady version of Roe's
approximate Riemann problem.14 The algorithm is implicit as
well as second-order accurate in the nonmarching direction.
The resulting computer code has been used to compute three
viscous tests cases, including flat-plate boundary-layer flow,
hypersonic flow past a compression corner, and hypersonic
flow into a converging inlet. Results of the new algorithm are
compared with those of the Beam-Warming scheme as well as
with other results, both numerical and experimental.

Governing Equations
The equations describing the planar flow of a Newtonian

fluid are the two-dimensional, unsteady Navier-Stokes equa-
tions. These can be written in nondimensional strong conser-
vation law form in Cartesian coordinates as

where

U =

dU d(E,-Ev) d(Fi~
dt dx dy

pu
pu2+p

puv
(Et +p)u
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The equations have been nondimensionalized (dimensional
quantities are denoted by a tilde) in the following manner:

/ = 7/(l/Koo), x = x/L, y = y/L, u =

v = v/V^ e = e/V%>, p = p/p«,, T =

where Z is the flowfield reference length.
The Reynolds number, Re^, appearing in the viscous terms

is given by

The coefficient of thermal conductivity has been replaced by
assuming a constant Prandtl number, and the coefficient of
viscosity is calculated using Sutherland's equation

1 + 1 10.47 ra

no.4/f0
Finally, the system is closed using the perfect-gas equations of
state, which in nondimensional form become

p = (y - l)pe, T = >

Coordinate Transformation
A transformation of the spatial coordinates of the form

is applied to Eq. (1) to aid in differencing the equation over a
nonuniform grid. The resulting equation written in strong con-
servation law form is

dU' dE' dF' =

where

U' = U/J

E' = (kx/J)(Ei - Ev) = (l/J)(Ef - Ev)

F' = (nx/J)(Ef - Ev) + (rjy/J)(Fi - Fv)

and / is the Jacobian of the transformation, given by

Mt ^
J =

(2)

Parabolizing Assumptions
The PNS equations are obtained from Eq. (2) by eliminating

the time derivative and by neglecting viscous derivatives along

lines of constant 77. The latter operation is considered a valid
assumption for high-Reynolds-number flows. The resulting
system is written as

dE dFTT + T-
d£ drj (3)

— where

E = (i/J)Eh F = -E: )] + i -F: )]
The asterisks on E* and F* indicate that ^-derivative terms
have been eliminated. The PNS equations are a mixed set of
hyperbolic-parabolic equations in the marching coordinate £,
provided that the inviscid flow is supersonic, the streamwise
velocity component is everywhere greater than zero, and the
streamwise pressure gradient is either omitted or the "depar-
ture behavior" is suppressed by a suitable technique.

Streamwise Pressure Gradient
The presence of the pressure-gradient term in the streamwise

momentum equation permits information to be propagated
upstream through the subsonic portion of the flowfield, such
as that within the boundary layer. As a consequence, a space-
marching method of solution is not well posed, and in some
cases exponentially growing solutions (departure solutions) are
encountered. A number of different techniques have been pro-
posed to eliminate this difficulty. For this study, the method
proposed by Vigneron et al.1 is used.

The Vigneron technique involves splitting the E vector into
two parts,

where

= E* +P

* = (\/J)[pu,pu2 + up,puv,(Et +p)u]T (4a)

(4b)

The E* vector now replaces E in the numerical scheme, and P
is treated as a source term that is either neglected or is evalu-
ated in the supersonic region. In obtaining the results pre-
sented in this paper, the derivative of Pis neglected. The final
form of the governing equations becomes

dE* dF dP
(5)

An eigenvalue analysis shows that this system will be hyper-
bolic-parabolic if

where M^ is the local streamwise Mach number, and a is a
safety factor included to provide for nonlinearities not ac-
counted for in the analysis.

Numerical Solution of the Equations

First-Order Scheme
The PNS equations can be written in discrete conservation

law form as

= 0 (6)

where n andy are the indices in the £ and r? directions, respec-
tively, and the numerical fluxes, E and F, are approximations
to the true fluxes at the sides of the finite volume over which
conservation is desired. The preceding discretization results in
either an explicit or implicit algorithm, depending on whether
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the flux F is evaluated at the n or n + 1 marching step, respec-
tively. The numerical fluxes, of course, will be composed of
metric quantities as well as physical flow variables, with the
specific definitions of E and P determined by the choice of
algorithm.

The computer code developed in this study employs a flow-
solving algorithm that defines

Ej — Ej + Ps

where Ps is defined as in Eqs. (4) except that the pressure is
lagged in £ to prevent the occurrence of departure solutions. In
order to avoid the difficulty of extracting the required flow
properties from the flux vector E*, a change is made in the
dependent variable from E* to U (U= U/J) through the fol-
lowing linearization:

(E*)n+ *-

where

dE*
'' dU and = Un+l- U"

The discretized conservation law, Eq. (6), then takes the form

.* ffr rr \~T~ (/V+ 1/2 — rj- y2) — (7)

At this level, the algorithm is no different than the standard
(i.e., Beam-Warming) PNS solver. Where the new algorithm
distinguishes itself is the manner that the 77 numerical flux F is
specified. In the definition of the inviscid portion of this flux,
the algorithm is analogous to the scheme proposed by Roe14

for solving the unsteady Euler equations. Roe's scheme be-
longs to the class of upwind schemes referred to as Riemann
solvers, which, as the name implies, depend on solutions to
Riemann problems in the specification of the numerical fluxes.
Rather than solving true Riemann problems, however, Roe's
scheme uses solutions to approximate (linearized) Riemann
problems and this considerably simplifies the numerical al-
gorithm. The version of the linearized Riemann problem asso-
ciated with the PNS equations is given by

•3*

with initial conditions

__ (8)

y2E*+1 where
y2Ej* where 77 < i)j+ y2

for the j + !/2 cell interface. The matrix CJ+ y2 is of the form

, , (&

The calculation of the cell-wall metric terms is explained in the
Computational Grid subsection to follow. In spite of the non-
conservative form of Eq. (8), the local shock-capturing capa-
bilities of the algorithm can be retained if the flow properties
making up C/+ i/2 are carefully averaged between the grid points
j and j + 1 to satisfy the relation

CJ+ (9)

When the flow is supersonic, Roe's averaging of the variables
u, v, and ht (see Ref. 14) yields flow properties that satisfy this
equation. The treatment of the subsonic region will be dis-
cussed in a later subsection. The solution to the preceding
approximate Riemann problem consists of four constant prop-
erty regions separated by three lines of discontinuity emanat-

ing from the point (£w,r?y+i/2) and having slopes given by the
eigenvalues of C/+i/2. Of particular interest to the numerical
algorithm is the resulting flux across the ray corresponding to
they + Vi grid-cell interface. This flux is given by

= (rjx/J)J+

(F/)y+1] - V2(sgnC)y+1/2

/ + (iy/J)j+ ' (10)

In this equation, the matrix sgnC is defined as

sgnC ^

where R is the matrix of right eigenvectors and sgnA is the
diagonal matrix having + 1 and — 1 along the diagonal accord-
ing to the signs of the corresponding eigenvalues (see Ref. 15
for the eigenvalues and eivenvectors). This flux, obtained by
analytic solution of the approximate Riemann problem, con-
sists of two parts: a central-differencing type flux plus a first-
order up winding term. Thus, a first-order upwind algorithm
for the PNS equations is given by defining the numerical flux
as

where (Fv)J+y2 is the vector which includes the viscous effects
at the cell wall.

Second-Order Scheme
The approach taken in this study to upgrade the algorithm's

accuracy in the 77 direction is similar to that taken by Chak-
ravarthy and Szema16 for the integration of the unsteady Euler
equations. This approach was chosen, after considerable ex-
perimentation, over the methods of van Leer17 and Chakravar-
thy and Osher18 because of its relative simplicity and for its
observed accuracy and reliability. Also, because the chosen
method involves extrapolations of only the flow variables and
not of the metrics, it is expected to be better suited for cases
involving irregular grids.

The numerical flux for the second-order upwind algorithm
is specified in the following manner. First, intermediate vari-
ables (ALF)j+ y2 are defined by

(/+ -/2 = Rf+^E* -E*-i)/Jj+1/2

= R~\ (E* —E*}/J

where, as before, Rj~+\/2 is the matrix of left eigenvectors. Each
element of (ALF2)j+ ,/2 is a coefficient quantity that, when mul-
tiplying its associated right eigenvector, yields the change in E*
across the corresponding wave of the approximate Riemann
problem at j + l/i. The other two ALF quantities are required
for increasing the accuracy of the scheme but are less easily
physically interpreted.

The preceding vectors are now limited relative to one an-
other in order to achieve essentially oscillation-free shock cap-
turing. The elements of the new vectors,
(ALFJj+y,, (ALF2)j+y2, (ALF2)j+y2) and
are given by

= minmod[(ai)7+,/2,
= minmod[(o;97+,/2,

(5'3)y>1/2 = minmod[(^)y+,/2, b(a2)j+y2]

respectively, where the limiting function is defined by
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minmod[jt,.y] = sgn(jc) max[0, min{ \x \,y

The parameter b is a compression parameter, which is usually
determined by the accuracy parameter </> (discussed in a subse-
quent paragraph), according to the function

b = (3 - </>)/(! - 0)

The flux limiting performs the function of reducing the accu-
racy of the scheme in the immediate vicinity of flowfield dis-
continuities so that the overshoots and undershoots character-
istic of second-order methods are eliminated.

The limited intermediate vectors given earlier are trans-
formed into changes in the numerical flux F through multipli-
cation by the eigenvalues and right eigenvectors as follows:

(5£iV ,/2 = RJ+ ,/2(A7.+
(dF2

+);+ 1/2 - Rj+ V2(Aj

2(Aj

ing a block tridiagonal system of equations that can be solved
in a relatively efficient manner.

Locally linearizing the fluxes and neglecting changes in the
Jacobian J gives the expressions for the fluxes at the new
marching station,

and

where

. f . _ f
.4,=— and* ,———

These linearized fluxes are substituted into Eq. (10) to produce
the inviscid first-order upwind numerical flux at the n + 1
marching station

*+ y2[Bi(kj+ V2,Qj

where (A/+ 1/2)+ and (A7+ 1/2)
ing of the elements

are the diagonal matrices consist-

and

respectively.
Finally, the flux changes defined earlier are carefully com-

bined using the accuracy parameter </> to yield the second-or-
der-accurate numerical flux

2 = HJ+ y2

[(1

y2 + [(1

+ ,/2 - [(1

(11)

where the first two terms are just the first-order numerical flux
of the preceding subsection. It can be shown that when the
unlimited, inviscid, second-order numerical flux is substituted
into the discretized conservation law, Eq. (7), the resulting
algorithm has a leading truncation error term of the form

T.E. = 1*PE yy&F]
J V / dr/3J

Thus, schemes of varying accuracy can be obtained simply by
altering the value of the accuracy parameter, </>. However, in
the test cases investigated in this study, the results did not show
a strong dependence on </>. Possible reasons for this are that the
flux limiting invalidates the analysis in regions near shock
waves and that the viscosity and the truncation error associ-
ated with the viscous terms dominate the inviscid truncation
error in the boundary-layer region.

Implicit Algorithm
In the previous subsections, the streamwise location of the

numerical flux calculation was not specified, and the resulting
algorithm, therefore, could be considered either explicit or
implicit. The stability restrictions associated with an explicit
scheme are relaxed when the numerical fluxes are evaluated at
the n + 1 marching station; however, this results in a nonlinear
system of algebraic equations. Linearization of these nonlinear
equations allows the solution to be computed without itera-
tion, but another difficulty becomes apparent when the sec-
ond-order upwind scheme is considered: linearization yields a
pentadiagonal system of linear algebraic equations. For this
reason, the present algorithm uses first-order numerical fluxes
evaluated at the n + 1 marching station with the second-order
correction terms [the last four terms of Eq. (11)] lagged at the
nth station. The first-order terms then are linearized produc-

where the matrix sgnC has been lagged at the «th marching
step and the Jacobian matrix Bi(kj,Qj2) is defined by

The indices j 1 andy'2 then represent the locations of the met-
rics and flow variables, respectively.

The viscous flux vector is evaluated at the n + 1 marching
station using a similar linearization strategy. That is

(pn+\\ _ tf?n\ d(Fy)j+V2 tn+lfr d(Fy)j+ Vi *n+lfr
(•TV )j+ !/2 - (TV )j+ '/2 + ~fr[j. ——— UJ+ l —— d£/\ —— d UJ

Denoting the viscous Jacobians by

ii» =Bv(k+^Q+l) and

the resultant numerical flux at the n + 1 marching station can
be written as

;+ V2}Bi(kj+ 1/2,Qy)'/2 [7

The first term on the right-hand side is obtained by evaluating
Eq. (1 1) at the nth marching level. The tridiagonal form of the
algorithm is displayed when this numerical flux is substituted
into the discretized conservation law, Eq. (7),

+fdn+lUj+l

^____ \

with

= (AJ)" - { >/2 [/ - (sgnC);_

- !/2 [7 + (sgnC)J+ y1]Bi(kj+ Vl,

f= +-

Bv(kj
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For the detailed forms of the Jacobian matrices, see Ref. 15.
Finally, a note about the subsonic region. In all of the calcu-

lations performed in this study, the subsonic region of the
boundary layer is computed using only the central-differencing
part of the algorithm. Extending the up winding to the wall has
been found to be detrimental to both the stability and the
accuracy of the algorithm. The root cause of this behavior lies
in the physically elliptic (with respect to £) nature of subsonic
flow, which makes it incompatible with an upwind approach.
However, this elliptic nature does not allow the existence of
discontinuities and, thus, up winding should not be necessary.

Computational Grid
The resolution of the boundary-layer region is enhanced as

much as possible through the use of a computational mesh in
which the grid points are clustered toward the wall according
to the stretching function

In this equation, z(rf} = 1 when rj = 1 and z(n) = 0 when 77 = 0.
The points become more tightly clustered as 0 approaches 1 .

The physical distance y then is obtained from

where <5(£) is the distance from the wall to the freestream edge
of the grid, and yw(g) is the value of >> at the wall.

The metric terms y$ and yn are evaluated at grid points using
central differences for the latter and backward differences for
the former. The Jacobian of the transformation then can be
calculated by

J = i/y,
Cell-wall geometries are given in terms of metrics calculated at
the grid points as

(rjx/J)j+Y2 =

(ny/J)j+K = i
Simple averages are also used to compute the cell-wall metrics
required for the calculation of viscous derivatives, i.e.,

Boundary Conditions
At the wall boundary, no-slip conditions are imposed on the

velocities and the temperature is specified. In order to deter-
mine the wall pressure, zero-gradient extrapolation is explicitly
applied to the pressure at the end of each marching step.

For the two external test cases, the freestream edge of the
grid is specified explicitly with zero-gradient extrapolations of
all of the dependent variables. In the converging inlet test case,
the /max — 1 grid line represents a line of symmetry and, there-
fore, the dependent variables are reflected about this line using

where

1 0 0 0
0 1 0 0
0 0 - 1 0
0 0 0 1

Numerical Results
Validation of the upwind algorithm for the PNS equations

was performed through the computation of three viscous test
cases.

Test Case I
The first test, intended to determine the algorithm's ability

to compute flowfields dominated by viscous effects, consisted
of supersonic, laminar flow over a flat plate. The freestream
flow conditions for this case are as follows: M^ = 2.0,
ReJL = 1.65 x 106/m, 7^ = Tw = 221.6 K, Pr = 0.72, and
7= 1.4.

For the calculation of this test case, two PNS codes were
employed. In addition to the present upwind code, a two-di-
mensional version of the Beam-Warming code described in
Ref. 1 was used. Results of both codes were compared with
those obtained from the compressible boundary-layer code of
Pletcher.19

Initial conditions were provided by the boundary-layer code
at the streamwise location, x = 0.305m. The PNS solutions
proceeded from this point with a marching step size of
AJt = 0 .1xlO~ 2 m. The grid normal to the wall for both PNS
calculations was equally spaced with Aj> = 0.1524xlO~3m,
and the top of the grid was kept at a constant height of
0.61 x 10~2 m. The safety factor a used in evaluating the Vig-
neron parameter w was set to 0.8 in all three test cases pre-
sented here.

Profiles of tangential velocity and temperature at the march-
ing station, x = 0.9144m, are compared in Figs. 1 and 2, re-
spectively. Figure 3 displays the streamwise variation of the
derivative quantity of heat-transfer coefficient. The formula
used to compute this quantity is

1____________dT
' l/2(y-l)Ml+l-Tw dn

6.0

5.0

o 4.0

UJo 3.0

2.0

1.0

0.0

M*> = 2.0
Rew/t = 1.65 x 106/m

x = 0.915 m

BOUNDARY LAYER CODE
a BEAM-WARMING SCHEME
o 2nd ORDER ROE'S SCHEME

a
o
a

0.0 0.2 0.4 0.6 0.8 1.0
TANGENTIAL VELOCITY, u

Fig. 1 Comparison of velocity profiles.

1.2
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where n represents the distance normal to the wall. In all three
of these figures, excellent agreement is observed between the
PNS results and those of the boundary-layer code. The upwind
code gives slightly better results in this case than does the
Beam- Warming code, but this is believed to be due to a differ-
ence in treatment of the viscous terms and not the up winding.

The step size used to produce these results corresponds to a
maximum Courant number of approximately 50. As the step
size is increased, the results of both codes gradually deterio-
rate, but this effect is slightly more pronounced with the up-
wind algorithm. This seems to indicate that, for flowfields
with relatively gradual variations where no added smoothing is
required (none was used in the Beam-Warming calculation of
this case), central differencing may be the most appropriate
approach. Nevertheless, in this test case, the new algorithm has
exhibited a satisfactory ability to compute viscous regions
without the upwind dissipation overwhelming the physical
viscosity.

An indication of the relative computer effort required by the
two PNS codes is given by a comparison of the CPU times and
storage involved. The time spent in CPU by the Beam- Warm-
ing code is 0.92 x 10~4 s/step/grid point on a Cray-XMP com-
puter. As would be expected, the upwind algorithm is slower,
requiring 0.25 x 10~3 s/step/grid point. The additional time is
spent computing and multiplying the eigenvalues and eigenvec-
tors for the evaluation of the upwind dissipation terms. It
should be noted that vectorization was not a high priority in
the development of either of these codes. The storage require-
ments of both codes are very mild since storage is required in
only one dimension.

Also of some interest is the programming effort involved in
developing the upwind code. The new code contains aproxi-
mately 30% more FORTRAN statements than does the Beam-
Warming code. These additional statements are distributed
fairly evenly among the calculation of eigenvalues and eigen-
vectors, the evaluation of the dPs, and the up winding of the
left-hand side.

Test Case II
The second test case computed was that of hypersonic lam-

inar flow over a 15-deg compression corner. The flow con-
ditions, chosen to correspond with one of the cases studied
experimentally by Holden and Moselle,20 are as follows:
Moo =14.1, 7^ = 72.2 K, ^7=1.04xl05, 7=1.4, 7= 0.439m,
f w =297K, and Pr = 0.12 where Re~i is the freestream
Reynolds number based on the distance from the leading edge
to the beginning of the ramp. This flow is supersonic in the
inviscid region and exhibits no separation of the boundary
layer. Thus, the space-marching procedure is stable. Also,
since the flowfield contains an extremely strong shock wave,
this case provides a good test of the shock-capturing capabili-
ties of the new algorithm. The flow is illustrated schematically
in Fig. 4.

The initial conditions for this case were specified using the
second-order Roe's scheme code marched with Ax=0.5
x 10~3 m from freestream conditions to the downstream sta-
tion at jc = 0.1 m. Both PNS codes then were restarted from
these results and marched further downstream. Forty-five grid
points were distributed in the normal direction with a stretch-
ing parameter of 1.08. The marching step size downstream of
x = 0.1 m was kept constant a t0 .2x lO~ 2 m, and the calcula-
tions were terminated at x=0.9 m.

The stream wise distribution of the wall pressure coefficient,
defined by

is shown in Fig. 5, and the heat-transfer coefficient distribu-
tion is given in Fig. 6. Results of the first- and second-order
Roe's schemes and the Beam-Warming scheme are compared
with the experimental results of Holden and Moselle. Smooth-
ing terms of the form suggested by Hung and MacCormack21

6.0

5.0

4.0

3.0
oo
o

2.0

1.0

0.0

Re /L = 1.65 x 10°/m
oo

x = 0.915 m

—— BOUNDARY LAYER CODE
a BEAM-WARMING SCHEME
o 2nd ORDER ROE'S SCHEME
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Fig. 2 Comparison of temperature profiles.
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Fig. 3 Comparison of flat plate heat-transfer coefficients.
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Fig. 4 Hypersonic compression corner test case.
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Fig. 5 Comparison of wall pressure coefficients. Fig. 6 Comparison of compression corner heat-transfer coefficients.
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Fig. 7 Ramp case pressure contours.

0.60 0.65 0.70 0.75 0.80 0.85 0.90

b) Present method

Fig. 8 Ramp case Mach contours.

were added to the right-hand side of the Beam-Warming al-
gorithm to control the nonlinear instabilities associated with
the strong shock wave of this test case. As anticipated,
smoothing was not required for any of the calculations using
the new algorithm. The results indicate that the computed wall
pressures are relatively insensitive to changes in the algorithm;
however, the derivative quantity of heat transfer is noticeably
improved by the change form first- to second-order accuracy.
The slight qualitative disagreement near the corner between
the numerical results and the experiment is due to the single-
sweep space-marching procedure; i.e., the flow upstream is
not "warned" of the oncoming compression. The slight over-
prediction of both pressure and heat-transfer coefficients is
not so easly explained. The same trend can be seen in the

results of Hung and MacCormack21 for the numerical integra-
tion of the full unsteady Navier-Stokes equations. Calcula-
tions were also performed using a real-gas Beam-Warming
PNS code for equilibrium air. However, because of the very
low freestream static temperature, virtually no difference in
results was observed.

The details of the shock intersection region are illustrated in
the contour maps of pressure and Mach number presented in
Figs. 7 and 8, respectively. These figures reveal an interesting
aspect of this test case in that the inviscid flowfield along the
line, x = 0.73 m, represents a large-scale version of the steady
Riemann problem considered in the development of the new
upwind algorithm. The resulting shock wave and expansion
fan are evident in the pressure contours, and the contact sur-
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Fig. 9 Hypersonic inlet test case.

face appears in the Mach contours. The most noteworthy fea-
ture of these figures, however, is that the flowfield resolution
by the upwind scheme is, in general, markedly superior to that
achieved using the conventional algorithm. Using the new al-
gorithm, the shock transition takes place over one or two grid
points with no associated oscillations, whereas the Beam-
Warming scheme generates oscillations that extend several grid
points into the shock layer.

An effort was undertaken in this case also to determine the
upper bound on marching step size. This study proved the new
algorithm to be significantly more robust than the conven-
tional scheme. At large Courant numbers, the smoothing re-
quired by the central-differencing scheme to maintain positive
pressures at the shock undershoots tended to initiate departure
behavior near the wall.

Test Case III
The final test case consists of the hypersonic flow into a

two-dimensional converging inlet, which is basically an exten-
sion of the previous case. The rear of the ramp is turned back
to horizontal, and a reflection condition is applied to the top
of the grid. The ramp angle is, again, 15 deg and the horizontal
distance from the compression corner to the top of the ramp
is 0.4 m. A schematic illustration of this flowfield is shown
in Fig. 9. The freestream conditions that were applied are as
follows: Moo=15.0, 7^= 10.0K, #e/=8.0xl04, 7=1.4,
1= 0.4m, 7^-lOOOK, and Pr = 0.72. Again, Re~i is the
Reynolds number based on 7, the distance from the leading
edge to the beginning of the ramp. This test case is challenging
because it involves many interactions between shock waves
and expansion fans and also requires the capturing of shock
waves that are oblique to the grid, i.e., shock waves that ap-
pear to move as the computation proceeds downstream.

Conditions for initializing the PNS calculations for this case
were provided in a manner similar to that used in the previous
test case. Forty-five grid points were again distributed in the rj
direction with a stretching parameter of 1.08 and the line of
symmetry was located at y = 0.\5m. The calculations pro-
ceeded from initialization at x=0.1 m to the final marching
station at Jc=1.5m using the constant step size,
AJt = 0.2xlO-2m.

Computed pressure and Mach number contours for this case
are presented in Figs. 10 and 11. The shock waves are sharply
and smoothly captured with the upwind scheme, whereas oscil-
lations persist in calculations performed with the Beam-Warm-
ing scheme despite the addition of artificial smoothing. Also,
the results shown in Figs. lOb and lib were obtained in virtu-
ally the first attempt. On the other hand, several runs with the
conventional code using different smoothing coefficients were
necessary before satisfactory results were obtained.

Concluding Remarks
A new algorithm has been applied to the two-dimensional

parabolized Navier-Stokes (PNS) equations. The algorithm,
based on Roe's approximate Riemann solver, is implicit, sec-
ond-order in the nonmarching direction and does not require
user specification of smoothing coefficients. In order to vali-
date the method, three laminar test cases were investigated,
including supersonic flow over a flat plate, hypersonic flow
past a 15-deg compression corner, and, finally, hypersonic

BEAM-WARMING SCHEME
Mro = 15.0

Re~ = 0.8 x 105

0.9 1.0 1.1 1.2 1.3 1.4
x, m

a) Beam-Warming scheme

2nd ORDER ROE'S SCHEME
Moc, = 15-°

Re~ = 0.8 x 105

_J_____I_____I—————I
0.9 1.0 1.1 ^ 1.2 1.3 1.4

x, m

b) Present method

Fig. 10 Inlet case pressure contours
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M = 15.0

0.9 1.0 1.1 1.2 1.3 1.4
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Fig. 11 Inlet case Mach contours.

flow into a converging inlet. Results compared favorably with
experimental or other numerical data in all three cases. The
new algorithm requires more CPU time per grid point per run
than does the conventional central-differencing approach.
However, the improved shock-capturing capability of the new
upwind algorithm produces a significant increase in reliability,
which offsets the higher computer costs. Work is currently
under way to extend the approach to three dimensions in order
to produce a PNS code that will be more robust, more accu-
rate, and easier to use than the three-dimensional codes
presently in existence.
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